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Matsumoto [2] Tornheim [7] Mordell [3] 2
Mordell-Tornheim
$\zeta_{MT,r}(s_{1}, \ldots, s_{r};s_{r+1})=\sum_{m_{1},\ldots,m_{r}=1}^{\infty}m_{1}^{-s_{1}}m_{2}^{-s_{2}}\cdots m_{r}^{-s_{r}}(m_{1}+m_{2}+\cdots+m_{r})^{-s_{r+1}},$
Mellin-Barnes
Tsumura [9] $p_{1},$ $\ldots,p_{r+1}$ $p_{1}+\cdots+Pr+1\not\equiv rmod 2$
$\zeta_{MT,r}(p_{1}, \ldots,p_{r};p_{r+1})$ $\zeta_{MT,k}(q_{1}, \ldots, q_{k};q_{k+1})$
$q_{1},$ $\ldots,$ $q_{k+1}$ $k<r$ Tornheim [7]
$\zeta_{MT,r}$ Parity result Huard, Williams
and Zhang [1] Onodera [5]
Subbarao and Sitaramachandrarao [6] Mordell-Tornheim 2





$( b_{1}, b_{2}\in\{1,2\})$ , (2) Parity result
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(1) Parity result Nakamura [4] Zhou, Cai








$( b_{1}, \ldots, b_{r}\in\{1,2\})$ .
2 3 (3) Parity result
Onodera [5] $\zeta_{MT,r}$ Parity result
2 3 (3) Parity result 2
:
Theorem 1. (2 Parity result ) $p_{1}+p_{2}+p_{3}\in 2\mathbb{N}+1$
$p_{1},p_{2},p_{3}$ $b_{1},$ $b_{2}\in\{1,2\}$
$\mathfrak{T}_{b_{1},b_{2}}(p_{1},p_{2},p_{3})=(-1)^{p_{1}}J_{(b_{1},b_{3};b_{2})}(p_{1},p_{3};p_{2})+(-1)^{p_{2}}J_{(b_{2},b_{3};b_{1})}(p_{2},p_{3};p_{1})$





$k \in[O, \max\{q_{1}, q_{2}\}/2]$ $\delta_{a,1}$ Kronecker’s
delta
191
Theorem 1 Onodera ([5, Theorem







Theorem 2. (3 Parity result ) $P1+P2+P3+P4\in 2\mathbb{N}$




$b_{4}\in\{1,2\},$ $b_{4}\equiv b_{1}+b_{2}+b_{3}$ mod2 $q_{1},$ $q_{2},$ $q_{3},$ $q_{4}$
$a_{1},$ $a_{2},$ $a_{3},$ $a_{4}\in\{1,2\}$
$\mathfrak{K}_{(a_{1},a_{2};a_{3},a_{4})}(q_{1}, q_{2};q_{3}, q_{4})$
$= \sum_{k}\{(\begin{array}{ll}q_{1}+q_{2} -1-2kq_{1} -1\end{array})( \delta_{a_{2},1}+(-1)^{a_{2}}2^{-2k})$
$+(\begin{array}{l}q_{1}+q_{2}-1-2k-q_{2}1\end{array})(\delta_{a_{1},1}+(-1)^{a_{1}}2^{-2k})\}$
$\cross\zeta(2k)\mathfrak{T}_{a_{3},a_{4}}(q_{3}, q_{4}, q_{1}+q_{2}-2k)$
$k \in[0, \max\{q_{1}, q_{2}\}/2]$
$\{\begin{array}{l}B_{r}^{1}(x) =B_{r}(x)-2^{-r}B_{r}(2x-[2x]) ,B_{r}^{2}(x) =2^{-r}B_{r}(2x-[2x])\end{array}$
Theorem 2 Onodera ([5, Theorem 3, Example
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Theorem 1, 2 Theorem 2 $B_{r}^{1}(x),$ $B_{r}^{2}(x)$
$\{\begin{array}{l}\mathfrak{C}\mathfrak{l}_{r}^{1}(x) =\mathfrak{C}\mathfrak{l}_{r}(x)-2^{-r}\mathfrak{C}\mathfrak{l}_{r}(2x-[2x]) ,\mathfrak{C}\mathfrak{l}_{r}^{2}(x) =2^{-r}\mathfrak{C}\mathfrak{l}_{r}(2x-[2x])\end{array}$
$Cl_{r}(x)$ $r=1$
$x\in(0,1),$ $r\geq 2$ $x\in[0,1]$














$b_{1},$ $b_{2},$ $b_{3},$ $b_{4}\in\{1,2\},$ $b_{1}+b_{2}+b_{3}\equiv b_{4}$ mod2
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Theorem 3 $p_{1}+p_{2}+p_{3}\in 2\mathbb{N}+1$ $p_{1}+p_{2}+p_{3}+p_{4}\in 2\mathbb{N}$




$l^{1/2-\epsilon} \sum_{m_{1}=0}^{\infty}\frac{e^{2\pi i(2m_{1}+b_{1})x}}{(2m_{1}+b_{1})^{p_{1}}}\sum_{m_{2}=0}^{\infty}\frac{e^{2\pi i(2m_{2}+b_{2})x}}{(2m_{2}+b_{2})^{p_{2}}}\sum_{m_{3}=0}^{\infty}\frac{e^{-2\pi i(2m_{3}+b_{3})x}}{(2m_{3}+b_{3})^{p_{3}}}\ovalbox{\tt\small REJECT}$
$arrow\frac{1}{2}\mathfrak{T}_{b_{1},b_{2}}(p_{1},p_{2},p_{3})$
$+ \frac{1}{2\pi i}\sum_{\dotplus^{m_{2m_{2}+b_{1}+b_{2}}}2m_{3}+b_{3}\neq 2m_{1}}^{\infty}\frac{(-1)^{(b_{1}+b_{2}-b_{3})}-1}{(2m_{1}+b_{1})^{p_{1}}(2m_{2}+b_{2})^{p_{2}}(2m_{3}+b_{3})^{p_{3}}}m_{1},m_{2}s=0$
$\cross(2m_{1}+2m_{2}-2m_{3}+b_{1}+b_{2}-b_{3})^{-1}$
$(\epsilonarrow 0)$ (4)
$\int_{1/2+\epsilon}^{1-\epsilon}\sum_{m_{1}=0}^{\infty}\frac{e^{2\pi i(2m_{1}+b_{1})x}}{(2m_{1}+b_{1})^{p_{1}}}\sum_{m_{2}=0}^{\infty}\frac{e^{2\pi i(2m_{2}+b_{2})x}}{(2m_{2}+b_{2})^{p_{2}}}\sum_{m_{3}=0}^{\infty}\frac{e^{-2\pi i(2m_{3}+b_{3})x}}{(2m_{3}+b_{3})^{p_{3}}}dx$
$arrow\frac{1}{2}\mathfrak{T}_{b_{1},b_{2}}(p_{1},p_{2},p_{3})$




$\int_{0}^{1}\sum_{m_{1}=0}^{\infty}\frac{e^{2\pi i(2m_{1}+b_{1})x}}{(2m_{1}+b_{1})^{p_{1}}}\sum_{m_{2}=0}^{\infty}\frac{e^{2\pi i(2m_{2}+b_{2})x}}{(2m_{2}+b_{2})^{p_{2}}}\sum_{m_{3}=0}^{\infty}\frac{e^{-2\pi i(2ma+b_{3})x}}{(2m_{3}+b_{3})^{p_{3}}}dx$
$=\mathfrak{T}_{b_{1},b_{2}}(p_{1},p_{2},p_{3})$ ,
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$r=1$ $x\in(0,1/2)$ $x\in(1/2,1),$ $r\geq 2$ $x\in[0,1]$
$\sum_{m=0}^{\infty}\frac{\exp(2\pi i(2m+1)_{X})}{(2m+1)^{r}}$
$=Li_{r}(e^{2\pi ix})-2^{-r}Li_{r}(e^{4\pi ix})=- \frac{(2\pi i)^{r-1}}{r!}(r\mathfrak{C}\mathfrak{l}_{r}^{1}(x)+\pi iB_{r}^{1}(x))$ , (6)
$\sum_{m=0}^{\infty}\frac{\exp(2\pi i(2m+2)x)}{(2m+2)^{r}}$
$=2^{-r}Li_{r}(e^{4\pi ix})=- \frac{(2\pi i)^{r-1}}{r!}(r\mathfrak{C}\mathfrak{l}_{r}^{2}(x)+\pi iB_{r}^{2}(x))$ (7)
(6) (7)
$\mathfrak{T}_{b_{1},b_{2}}(p_{1},p_{2},p_{3})=(-1)^{p_{3}}\frac{(2\pi i)^{p_{1}+p_{2}+p_{3}-3}}{p_{1}!p_{2}!p_{3}!}$









Lemma 1. $a,$ $b$ $\alpha,$ $\beta\in\{1,2\},$ $x\in[O, 1)$
$B_{a}^{\alpha}(x)B_{b}^{\beta}(x)= \sum_{l}C_{l}(a, b;\alpha, \beta)B_{a+b-2l}^{\gamma}(x)+\int_{0}^{1}B_{a}^{\alpha}(x)B_{b}^{\beta}(x)dx$ (10)
$[0, (a+b)/2)$ $\gamma\in\{1,2\}$ $\gamma\equiv\alpha+\beta$
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$mod 2$ $B_{m}^{1}=B_{m}^{1}(0),$ $B_{m}^{2}=B_{m}^{2}(0)$
$C_{l}(a, b; \alpha, \beta)=\frac{a!b!}{(2l)!(a+b-2l)!}((\begin{array}{ll}a+b -1-2la -1\end{array})B_{2l}^{\beta}+ (\begin{array}{ll}a+b -1-2lb -1\end{array})B_{2l}^{\alpha})$
Theorem 1, 2 Theorem 1
Theorem 3 $p_{1}+p_{2}+p_{3}\in 2\mathbb{N}+1$ $p_{1},p_{2},p_{3}$
$\mathfrak{T}_{b_{1},b_{2}}(p_{1},p_{2},p_{3})=(-1)^{\frac{p1+p_{2}+p_{3}+1}{2}+p_{3_{\frac{(2\pi)^{p_{1}+p_{2}+p_{3}-1}}{2p_{1}!p_{2}!p_{3}!}}}}$
$\cross\int_{0}^{1}B_{p_{3}^{3}}^{b}(x)\{p_{1}\mathfrak{C}\mathfrak{l}_{p_{1}^{1}}^{b}(x)B_{p_{2}^{2}}^{b}(x)+p_{2}\mathfrak{C}\mathfrak{l}_{p_{2}}^{b_{2}}(x)B_{p_{1}^{1}}^{b}(x)\}dx$ (11)
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